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Abstract 

We clarify the relation between gravitational entropy and the area of horizons. We 
first show that the entropy of an extreme Reissner-Nordstrom black hole is zero, despite 
the fact that its horizon has nonzero area. Next, we consider the pair creation of extremal 
and nonextremal black holes. It is shown that the action which governs the rate of this pair 
creation is directly related to the area of the acceleration horizon and (in the nonextremal 
case) the area of the black hole event horizon. This provides a simple explanation of the 
result that the rate of pair creation of non-extreme black holes is enhanced by precisely 
the black hole entropy. Finally, we discuss black hole annihilation, and argue that Planck 
scale remnants are not sufficient to preserve unitarity in quantum gravity. 
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1. Introduction 



The discovery of black hole radiation |l|] confirmed earlier indications [|J of a close 
link between thermodynamics and black hole physics. Various arguments were given that 
a black hole has an entropy which is one quarter of the area of its event horizon in Planck 
units. However, despite extensive discussion, a proper understanding of this entropy is still 
lacking. In particular there is no direct connection between this entropy and the 'number 
of internal states' of a black hole. 

We will re-examine the connection between gravitational entropy and horizon area in 
two different contexts. We first consider charged black holes and show that while non- 
extreme configurations satisfy the usual relation S = Abh/^, extreme Reissner- Nordstrom 
black holes do not. They always have zero entropy even though their event horizon has 
nonzero area. The entropy changes discontinuously when the extremal limit is reached. We 
will see that this is a result of the fact that the horizon is infinitely far away for extremal 
holes which results in a change in the topology of the Euclidean solution. 

The second context is quantum pair creation of black holes. It has been known for 
some time that one can create pairs of oppositely charged GUT monopoles in a strong 
background magnetic field 0. The rate for this process can be calculated in an instanton 
approximation and is given by e~ T where / is the Euclidean action of the instanton. For 
monopoles with mass m and charge q, in a background field B one finds (to leading order 
in qB) that / = -Km 2 /qB. It has recently been argued that charged black holes can 
similarly be pair created in a strong magnetic field |4],[5],|6[] . An appropriate instanton has 
been found and its action computed. The instanton is obtained by starting with a solution 
to the Einstein-Maxwell equations found by Ernst 0, which describes oppositely charged 
black holes uniformly accelerated in a background magnetic field. This solution has a 
boost symmetry which becomes null on an acceleration horizon as well as the black hole 
event horizon, but is time-like in between. One can thus analytically continue to obtain 
the Euclidean instanton. It turns out that regularity of the instanton requires that the 
black holes are either extremal or slightly nonextremal. In the nonextremal case, the two 
black hole event horizons are identified to form a wormhole in space. It was shown in || 
that the action for the instanton creating extremal black holes is identical to that creating 
gravitating monopoles |§ (for small qB) while the action for non-extreme black holes is 
less by precisely the entropy of one black hole Abh/4. This implies that the pair creation 
rate for non-extremal black holes is enhanced over that of extremal black holes by a factor 
of e Abh / 4 , which may be interpreted as saying that non-extreme black holes have e- A - bh ^ 4: 
internal states and are produced in correlated pairs, while the extreme black holes have a 
unique internal state. This was not understood at the time, but is in perfect agreement 
with our result that the entropy of extreme black holes is zero. 

To better understand the rate of pair creation, we relate the instanton action to an 
energy associated with boosts, and surface terms at the horizons. While the usual energy 
is unchanged in the pair creation process, the boost energy need not be. In fact, we will see 
that it is changed in the pair creation of nongravitating GUT monopoles. Remarkably, it 
turns out that it is unchanged when gravity is included. This allows us to derive a simple 
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formula for the instanton action. For the pair creation of nonextremal black holes we find 



I = ~(AA + A bh ), (1.1) 

where AA is the difference between the area of the acceleration horizon when the black 
holes are present and when they are absent, and Abh is the area of the black hole horizon. 
For the pair creation of extremal black holes (or gravitating monopoles) the second term 
is absent so the rate is entirely determined by the area of the acceleration horizon, 

I = --AA. (1.2) 
4 

This clearly shows the origin of the fact that nonextremal black holes are pair created at 
a higher rate given by the entropy of one black hole. 



The calculation of each side of (|1.2|) is rather subtle. The area of the acceleration 
horizon is infinite in both the background magnetic field and the Ernst solution. To 
compute the finite change in area we first compute the area in the Ernst solution out to a 
large circle. We then subtract off the area in the background magnetic field solution out to 
a circle which is chosen to have the same proper length and the same value of § A (where 
A is the vector potential). Similarly, the instanton action is finite only after we subtract off 
the infinite contribution coming from the background magnetic field. In |5| , the calculation 
was done by computing the finite change in the action when the black hole charge is varied, 
and then integrating from zero charge to the desired q. In ||, the action was calculated 
inside a large sphere and the background contribution was subtracted using a coordinate 
matching condition. Both methods yield the same result. But given the importance of 
the action for the pair creation rate, one would like to have a direct calculation of it by 
matching the intrinsic geometry on a boundary near infinity as has been done for other 
black hole instantons. We will present such a derivation here and show that the result is 
in agreement with the earlier approaches. Combining this with our calculation of AA, we 



explicitly confirm the relations ( |1 . 1| ) and (O). 



Perhaps the most important application of gravitational entropy is to the 'black hole 
information puzzle'. Following the discovery of black hole radiation, it was argued that 
information and quantum coherence can be lost in quantum gravity. This seemed to be 
an inevitable consequence of the semiclassical calculations which showed that black holes 
emit thermal radiation and slowly evaporate. However, many people find it difficult to 
accept the idea of nonunitary evolution. They have suggested that either the information 
thrown into a black hole comes out in detailed correlations not seen in the semiclassical 
approximation, or that the endpoint of the evaporation is a Planck scale remnant which 
stores the missing information. In the latter case, the curvature outside the horizon would 
be so large that semiclassical arguments would no longer be valid. However, consideration 
of black hole pair creation suggests another quantum gravitational process involving black 
holes, in which information seems to be lost yet the curvature outside the horizons always 
remains small. 

The basic observation is that if black holes can be pair created, then it must be possible 
for them to annihilate. In fact, the same instanton which describes black hole pair creation 
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can also be interpreted as describing black hole annihilation. Once one accepts the idea 
that black holes can annihilate, one can construct an argument for information loss as 
follows. Imagine pair creating two magnetically charged (nonextremal) black holes which 
move far apart into regions of space without a background magnetic field. One could then 
treat each black hole independently and throw an arbitrarily large amount of matter and 
information into them. The holes would then radiate and return to their original mass. One 
could then bring the two holes back together again and try to annihilate them. Of course, 
there is always the possibility that they will collide and form a black hole with no magnetic 
charge and about double the horizon area. This black hole could evaporate in the usual 
way down to Planck scale curvatures. However, there is a probability of about e~' Abh ^ 4: 
times the monopole annihilation probability that the black holes will simply annihilate, 
their energy being given off as electromagnetic or gravitational radiation. One can choose 
the magnetic field and the value of the magnetic charge in such a way that the curvature is 
everywhere small. Thus the semiclassical approximation should remain valid. This implies 
that even if small black hole remnants exist, they are not sufficient to preserve unitarity. 
This discussion applies to nonextremal black holes. Since extremal black holes have zero 
entropy, they behave differently, as we will explain. 

In the next section we discuss the entropy of a single static black hole and show that 
an extreme Reissner- Nordstrom black hole has zero entropy. Section 3 contains a review of 
the Ernst instanton which describes pair creation of extremal and nonextremal black holes. 
In section 4 we discuss the boost energy and show that while it is changed for pair creation 
in flat space, it is unchanged for pair creation in general relativity. Section 5 contains a 
derivation of the relations ( |1 . 1[ ) and ( |1.2| ) and the detailed calculations of the acceleration 
horizon area and instanton action which confirm them. Finally, section 6 contains further 
discussion of black hole annihilation and some concluding remarks. 

In Appendix A we consider the generalization of the Ernst instanton which includes 
an arbitrary coupling to a dilaton 0. We will extend the development of the preceding 
sections to this case, showing that the boost energy is still unchanged in this case, and 
calculating the difference in area and the instanton action using appropriate boundary 
conditions. The result for the instanton action is in complete agreement with ||. 

2. Extreme Black Holes Have Zero Entropy 

In this section we consider the entropy of a single static black hole. The reason that 
gravitational configurations can have nonzero entropy is that the Euclidean solutions can 
have nontrivial topology JlO|]. In other words, if we start with a static spacetime and 
identify imaginary time with period (3, the manifold need not have topology S 1 x E where 
£ is some three manifold. In fact, for non-extreme black holes, the topology is S 2 x R 2 . 
This means that the foliation one introduces to rewrite the action in Hamiltonian form 
must meet at a two sphere Sh- The Euclidean Einstein-Maxwell action includes a surface 
term, 



where R is the scalar curvature, F^ v is the Maxwell field, and K is the trace of the extrinsic 
curvature of the boundary. In fact, if the spacetime is noncompact, the action is defined 
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only relative to some background solution (g , F ). This background is usually taken to be 
flat space with zero field, but we shall consider more general asymptotic behavior. When 
one rewrites the action in Hamiltonian form, there is an extra contribution from the two 
sphere Sh- This arises since the surfaces of constant time meet at Sh and the resulting 
corner gives a delta- function contribution to K [ lOfl . Alternatively, one can calculate the 



contribution from Sh as follows |TT]] (see |T^] for another approach). The total action can 
be written as the sum of the action of a small tubular neighborhood of Sh and everything 
outside. The action for the region outside reduces to the standard Hamiltonian forma, 
which for a static configuration yields the familiar result /3H. The action for the small 
neighborhood of Sh yields —Abh/4 where Abh is the area of Sh- Thus the total Euclidean 
action is 

I = (3H-^A bh . (2.2) 
The usual thermodynamic formula for the entropy is 

S = -(/3^-l)logZ, (2.3) 

where the partition function Z is given (formally) by the integral of e~ J over all Euclidean 
configurations which are periodic in imaginary time with period f3 at infinity. The action for 
the solution describing a nonextremal black hole is ( |2.2| ) so if we approximate log Z « — J, 
we obtain the usual result 

S = l -A bh . (2.4) 
Recall that the Reissner- Nordstrom metric is given by 



ds z = - 1 + \ )dt z + 1 + -^r dr + r dV- (2.5) 



-1 

,2 , 2 



For non-extreme black holes Q 2 < M 2 , the above discussion applies. But the extreme 
Reissner-Nordstrom solution is qualitatively different. When Q 2 = M 2 , the horizon r = M 
is infinitely far away along spacelike directions. In the Euclidean solution, the horizon is 
infinitely far away along all directions. This means that the Euclidean solution can be 
identified with any period (3. So the action must be proportional to the period I oc (3. It 
follows from (|2.3| ) that in the usual approximation log Z w —I, the entropy is zero, 



^extreme 



0. (2.6) 



This is consistent with the fact that gravitational entropy should be associated with non- 
trivial topology. The Euclidean extreme Reissner-Nordstrom solution (with r periodically 
identified) is topologically S 1 x Rx S 2 . Since there is an S 1 factor, the surfaces introduced 



1 The surface terms in the Hamiltonian can be obtained directly from the surface terms in the 
action. For a detailed discussion which includes spacetimes which are not asymptotically flat (e.g. 
the Ernst solution) and horizons which are not compact (e.g. acceleration horizons) see JK 
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to rewrite the action in canonical form do not intersect. Thus there is no extra contribution 
from the horizon and the entropy is zero. Since the area of the event horizon of an extreme 
Reissner-Nordstrom black hole is nonzero, we conclude that the entropy of a black hole is 
not always equal to Abh/M Q2.4j) holds only for nonextremal black holes. 

The fact that the entropy changes discontinuously in the extremal limit implies that 
one should regard non-extreme and extreme black holes as qualitatively different objects. 
One is already used to the idea that a non-extreme black hole cannot turn into an extreme 
hole: the nearer the mass gets to the charge the lower the temperature and so the lower 
the rate of radiation of mass. Thus the mass will never exactly equal the charge. However, 
the idea that extreme and non-extreme black holes are distinct presumably also implies 
that extreme black holes cannot become non-extreme. At first sight this seems contrary 
to common sense. If one throws matter or radiation into an extreme black hole, one would 
expect to increase the mass and so make the hole non-extreme. However, the fact that 
one can identify extreme black holes with any period implies that extreme black holes 
can be in equilibrium with thermal radiation at any temperature. Thus they must be 
able to radiate at any rate, unlike non-extreme black holes, which can radiate only at the 
rate corresponding to their temperature. It would therefore be consistent to suppose that 
extreme black holes always radiate in such a way as to keep themselves extreme when 
matter or radiation is sent into them. 

From all this it might seem that extreme and nearly extreme black holes would appear 
very different to outside observers. But this need not be the case. If one throws matter or 
radiation into a nearly extreme black hole, one will eventually get all the energy back in 
thermal radiation and the hole will return to its original state. Admittedly, it will take a 
very long time, but there is no canonical relationship between the advanced and retarded 
time coordinates in a black hole. This means that if one sends energy into an extreme 
black hole there is no obviously preferred time at which one might expect it back. It 
might therefore take as long as the radiation from nearly extreme black holes. If this were 
the case, a space-like surface would intersect either the infalling matter or the outgoing 
radiation just outside the horizon of an extreme black hole. This would make its mass 
seem greater than its charge and so an outside observer would think it was non-extreme. 

If extreme black holes behave just like nearly extreme ones is there any way in which 
we can distinguish them? A possible way would be in black hole annihilation, which will 
be discussed in section 6. 



Two dimensional calculations [[T4] have indicated that the expectation value of the 
energy momentum tensor tends to blow up on the horizon of an extreme black hole. 
However, this may not be the case in a supersymmetric theory. Thus it may be possible to 
have extreme black holes only in supergravity theories in which the fermionic and bosonic 
energy momentum tensors can cancel each other. Because they have no entropy such 
supersymmetric black holes might be the particles of a dual theory of gravity. 

There is a problem in calculating the pair creation of extreme black holes even in 
supergravity. As Gibbons and Kallosh [|15| have pointed out, one would expect cancellation 
between the fermionic and bosonic energy momentum tensors only if the fermions are 
identified periodically. In the Ernst solution however, the presence of the acceleration 
horizon means that the fermions have to be antiperiodic. Thus it may be that the pair 
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creation of extreme black holes will be modified by strong quantum effects near the horizon. 



3. The Ernst Solution 

The solution describing a background magnetic field in general relativity is Melvin's 



magnetic universe [16 



ds 2 = A 2 [-dt 2 + dz 2 + dp 2 ] + K- 2 p 2 dip 2 



A, 



B M p 2 
2A ' 



(3.1) 



A = 1 + -B^p' . 



The Maxwell field is F 2 = 2B 2 M /A 4 , which is a maximum on the axis p = and decreases 
to zero at infinity. The parameter Bm gives the value of the magnetic field on the axis. 
The Ernst solution is given by 



ds 2 = (x- y)- 2 A~ 2 A 2 [G(y)dt 2 - G-\y)dy 2 + G~ 1 (x)dx 2 ] 
+ (x-y)- 2 A- 2 A- 2 G(x)dip 2 , 



(3.2) 



A, 



BA 



1 + -Bqx 



+ k, 



where the functions A = A(x,y), and G(£) are 



A 



1 + ^-Bqx 



l 2 



+ 



B< 



G(x) 



AA 2 (x - y) 2 
G(0 = (l+r_AO(l-e 2 -r + ^ 3 ), 



(3.3) 



and q 2 = r + r_. This solution represents two oppositely charged black holes uniformly 
accelerating in a background magnetic field. 

It is convenient to set £i = — l/(r_A) and let £2 < £3 < £4 be the three roots of the 
cubic factor in G. The function G(£) may then be written as 



G(0 = -(r+A)(r-A)(t - - - - U) 



(3.4) 



We restrict £3 < x < £4 in order for the metric to have Lorentz signature. Because of the 
conformal factor (x — y)~ 2 in the metric, spatial infinity is reached when x, y — > £3, while 
y — > x for x 7^ £3 corresponds to null or time-like infinity. The range of y is therefore 
—00 < y < x. The axis x = £3 points towards spatial infinity, and the axis x = £4 points 
towards the other black hole. The surface y = £1 is the inner black hole horizon, y = £2 is 
the black hole event horizon, and y = £3 the acceleration horizon. We can choose £1 < £25 
in which case the black holes are non-extreme, or £1 = £2, in which case the black holes 
are extreme. 
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As discussed in 0, to ensure that the metric is free of conical singularities at both 
poles, x = £3,^4, we must impose the condition 



G / (6)A(^ 4 ) 2 = -G'(U)m) 2 , (3.5) 



where A(£j) = A(x = For later convenience, we define L = A(x = £3). When ( |3.5| ) is 
satisfied, the spheres are regular as long as cp has period 

We choose the constant k in (|3.2|) to be k = 2/BL 1 / 2 so as to confine the Dirac string 
of the magnetic field to the axis x = £4. We define a physical magnetic field parameter 
B E = 5G"(£ 3 )/2L 3 / 2 , which is the value of the magnetic field on the axis at infinity. The 
physical charge of the black hole is defined by 

1 f „__ lHu-m 



If we also define m = (r + + r_)/2, we can see that the solution (|3.2| ) depends on four 
parameters: the physical magnetic field Be, the physical magnetic charge q, and A and 
m, which may be loosely interpreted as measures of the acceleration and the mass of the 
black hole. 

If we set the black hole parameters m and q (or equivalently, r+, r_) to zero in ( |3.2| ) 
we obtain 



A2 r n 2x ,.2 d y 2 dx ' 

(1-y )dt - ^- + 



A 2 (x — y) 2 
1-x 2 



(1-y 2 ) (1-x 2 ) 



(3A 



+ A^A 2 (x-y) 2dip2 ' 



with 



B 2 1 - r 2 

A ^ 1 + f^' < 3 - 9 > 

This is just the Melvin metric ( |3.1| ) expressed in accelerated coordinates, as can be seen 
by the coordinate transformations 

2 — 1 — X 2 2 _ l/ 2 ~ 1 /o -in\ 

P ~ (x - y) 2 A 2 ' V ~ (x-y) 2 A 2 - 1 ' 

Note that now the acceleration parameter A is no longer physical, but represents a choice 
of coordinates. The gauge field also reduces to the Melvin form A^ = BeP 2 /2A. One can 
show ||,|[ that the Ernst solution reduces to the Melvin solution at large spatial distances, 
that is, as x, y — > £3. 

We now turn to the consideration of the Euclidean section of the Ernst solution, which 
will form the instanton. We Euclideanize (|3.2|) by setting r = it. In the non-extremal case, 
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£i < £2, the range of y is taken to be £2 < V < £3 to obtain a positive definite metric (we 
assume £2 7^ £3)- To avoid conical singularities at the acceleration and black hole horizons, 
we take the period of r to be 

and require 

G"(6) = -G"(£ 3 ), (3-12) 



which gives 

is -6 

This condition can be simplified to 



(U -60 = (U -6). (3.13) 



6 -6 = 6 -6- (3.14) 

The resulting instanton has topology S 12 x g 2 — {pt}, where the point removed is x = y = £3. 
This instanton is interpreted as representing the pair creation of two oppositely charged 
black holes connected by a wormhole. 

If the black holes are extremal, £1 = £2, the black hole event horizon lies at infinite 
spatial distance from the acceleration horizon, and gives no restriction on the period of r. 



The range of y is then £2 < y < £3, and the period of r is taken to be (|3.11|) . The topology 
of this instanton is R 2 x S 2 — {pt}, where the removed point is again x = y = £3. This 
instanton is interpreted as representing the pair creation of two extremal black holes with 
infinitely long throats. 



4. Boost Energy 

Consider the pair creation of (non-gravitating) GUT monopoles in flat spacetime. In 
this process the usual energy is unchanged. If the background magnetic field extends to 
infinity, this energy will, of course, be infinite. But even if it is cut off at a large distance, 
the energy is conserved since in the Euclidean solution, V /x (T Mi/ t l/ ) = 0, where T^ v is the 
energy momentum tensor and t v is a time translation Killing vector. Thus the initial 
energy, which is the integral of T^ v t^t u over a surface in the distant past, must equal the 
energy after the monopoles are created. However, now consider the energy associated with 
a boost Killing vector in the Lorentzian solution. This corresponds to a rotation £ M in the 
Euclidean instanton. So the associated energy is 

E B = j T^dZ", (4.1) 

where the integral is over a surface E which starts at the acceleration horizon where £ M = 
and extends to infinity. While the vector is still conserved, which implies that Eb is 

unchanged under continuous deformations of E that preserve the boundary conditions, this 
is not sufficient to prove that Eb is unchanged in the pair creation process. This is because 
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every surface which starts at the acceleration horizon in the instanton always intersects the 
monopole, and cannot be deformed into a surface lying entirely in the background magnetic 
field. In fact, it is easy to show that Eb is changed. Since the analytic continuation of the 
boost parameter is periodic with period 2n, the Euclidean action is just I = 2-kEb- So 
the fact that the instanton describing the pair creation of monopoles has a different action 
from the uniform magnetic field means that the boost energy is different. 

We now turn to the case of pair creation of gravitating monopoles, or black holes. The 
gravitational Hamiltonian is only defined with respect to a background spacetime, and can 
be expressed |13|] (this form of the surface term at infinity is also discussed in fll2"|| ) 



where iV is the lapse, 7i is the Hamiltonian constraint, 2 K is the trace of the two dimen- 
sional extrinsic curvature of the boundary near infinity, and 2 K$ is the analogous quantity 
for the background spacetime. Since the volume term is proportional to the constraint, 
which vanishes, the energy is just given by a surface term at infinity. The Hamiltonian for 
Melvin is zero since we are using it as the background in which 2 Kq is evaluated. We now 
calculate the Hamiltonian for the Ernst solution and show that it is also zero. Thus the 
boost energy is unchanged by pair creation in the gravitational case. 

Since the spacetime is noncompact, we have to take a boundary 'near infinity', and 
eventually take the limit as it tends to infinity. The surface £ in the Ernst solution is a 
surface of constant t in the Ernst metric ( |3.2|) , running from the acceleration horizon to 
a boundary at large distance. As a general principle, we want the boundary to obey the 
Killing symmetries of the metric, and in this case, we choose it to be given by x — y = e#, 
as in ||. The result in the limit as the boundary tends to infinity should be independent 
of this choice. 

The first part of the surface term is computed in the Ernst metric, and the second part 
in the Melvin metric. We need to ensure that the boundaries that we use in computing 
these two contributions are identical; that is, we must require that the intrinsic geometry 
and the Maxwell field on the boundary are the same. Because the Ernst solution reduces 
to the Melvin solution at large distances, it is possible to find coordinates in which the 
induced metric and gauge field on the boundary agree explicitly. 

The analogue of the surface £ for the Melvin solution is a surface of constant boost 
time t of the Melvin metric in the accelerated form ( |3.8| ) . We want to find a boundary lying 
in this surface with the same intrinsic geometry as the above. We will require that the 
boundary obey the Killing symmetries, but there is still a family of possible embeddings. 
We assume the boundary lies at x — y = 6m- It is not clear that the results will be 
independent of this assumption, but this is the simplest form the embedding in Melvin can 
take, so let us proceed on this basis. 

If we make coordinate transformations 




(4.2) 



2L 2 



2 



(4.3) 



G"(6) 



t = 



and 



x = & + tEX, 2/ = 6 + es(x - 1) 



(4.4) 
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in the Ernst metric (note that A<p' = 2-k 1 < x < 1, and the analytic continuation of t' 
has period 2tt), then the metric on the boundary is 



( 2 W 



2L 2 



A 2 e E G'(^) 1 2 X ( X - 1 



2% + t E X 



c"(e 3 ) 



/2 



(4.5) 



where 



A 



B 2 E L 2 ^ , B E L*G"{&) 2 



x + 



A 2 G'(^s)eE 2A 2 G>{& 



(4.6) 



and everything is evaluated only up to second non-trivial order in eg , as higher-order terms 
will not contribute to the Hamiltonian in the limit tE — » 0. 
Using 

£ = -l + eAfX, 2/ = -1 + £m(x ~ 1), (4-7) 
the metric of the boundary in Melvin is 



< 2 W 



1 



where 



A 



x - 



2A 2 £m 4A 2 



R 2 

X^ + I- 



(4.9) 



Recall that A represents a choice of coordinates in the Melvin metric. 

We also want to match the magnetic fields. For the Ernst solution, the electromagnetic 
field at the boundary is given by 



F i 



2A 2 G'(^)e E 



2A 2 G'(^ E 
B 2 E L 2 X 



(4.10) 



while for Melvin it is 



4A 2 £m 

B 3 M X 2 



4A 2 e M 
B 2 M X 



If we fix the remaining coordinate freedom by choosing 



(4.11) 



A 2 = 



2L 2 G"{& 



-A 2 



(4.12) 



and write €m and F>m as 



e E (l + ae E ), B M = B E (1 + f3e E ), 



(4.13) 



then we can easily see that the induced metrics ( |4.5|) and (|4.8|) and the gauge fields ( |4.10| ) 
and ( [4 . 1 1| ) of the boundary may be matched by taking a = j3 = 0. 
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Note that, for the Ernst metric, the lapse (with respect to the time coordinate t') is 



N 



( ±L\l-x) 
\A 2 e E G>{&) 



1/2 



A 



(4.14) 



where A is given by ( fl.6| ). For the Melvin metric, the lapse (with respect to the boost time 
t appearing in (|3.8| )) is 



N 



2(1 -X) 
A 2 e M 



1/2 



A 



1 , 
1 - ^m{X- 1) 



(4.15) 



where A is given by (fOj). We therefore see that the lapse functions are also matched by 
taking a = (3 = 0. 

We may now calculate the extrinsic curvature 2 K of the boundary embedded in the 
Ernst solution, which gives 



N 2 K 



8nL 2 



A 2 e E G'{^) 



(4.16) 



Calculating the extrinsic curvature 2 Kq of the boundary embedded in the Melvin solution 
gives 



N Z K { 







An 
A 2 e M 



(4.17) 



Using ( ^.12| ) and ( [4.13|) we see that these two surface terms are equal. Thus, taking the 
limit ee — > 0, the surface term in the Hamiltonian vanishes. Since the volume term vanishes 
by virtue of the equations of motion, this implies that the Hamiltonian vanishes for the 
Ernst solution, and thus the boost energy is unchanged. 



5. Action and Area 

5.1. The basic relations 

The fact that the boost energy is unchanged in the pair creation of gravitating objects 
implies a simple relation between the Euclidean action / and the area of the horizons. The 
Euclidean action is defined only with respect to a choice of background spacetime. If both 
the background spacetime and original spacetime have acceleration horizons, it is shown 
in 



131 that (12.2) is modified to 



I = (3H-^(AA + A bh ), (5.1) 

where AA is the difference in the area of the acceleration horizon in the physical spacetime 
and the background. Thus, for the case of pair creation of nonextremal black holes, we 
have 

I Ernst = PH E - -(AA + Ab h ), (5.2) 
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where AA is the difference between the area of the acceleration horizon in the Ernst metric 
and in the Melvin metric. In the extreme shown in section 2, the area of the black 

hole horizon does not appear in the action since the horizon is infinitely far away. Therefore 
the action is given by 

iErnst = (3H E - ^AA. (5.3) 

We have shown that He = in the previous section. The Ernst action is thus 

I E rnst = -\{AA + A hh ) (5.4) 

for the non-extreme case, and 

IErnst = (5.5) 

in the extreme case. We will now show that these relations in fact hold. 

The area of the black hole event horizon in the Ernst solution can be easily shown to 

be 

Mh = [ y/9xx9 vv dxdip = t^^tt^- r (5.6) 



where AcpE is given in ( |3.6| ). We now turn to the calculation of the other two terms in 



5.2. Change in area of the acceleration horizon 

Since the acceleration horizon is non-compact, its area is infinite; to calculate the 
difference, we must introduce a boundary, as we did in calculating the Hamiltonian. If we 
introduce a boundary in the Ernst solution at x = £3 + e E , the area of the region inside it 
is 

Aip E r x=u dx 



A E = [ y/g X x9^dxd(p = ^jf- [ 

Jv=£z A Jx- 



'y=t; 3 A j x =£ 3 +e E {x - 6) 2 

A^ E , A<p E AtxL 2 2 
+ -TT— = - Mrvtt \(t T\ + ^Pei 



(5.7) 



^(£4-6) A 2 e E A*&{t 3 ){U-t3) 



where we have used L = A(£ 3 ) and (|OD, and defined p\ = 4L 2 /(A 2 G'($, 3 )e E ). The 
acceleration horizon in the Melvin solution is the surface z = 0, t = in ( |3. 1| ) (this can be 
seen by introducing the Rindler-type coordinates t = rysinht, z = r\ cosh t). Its area inside 
a boundary at p = pu may similarly be calculated to be 

/[•P=Pm 
y/9pp9<fi<fidpdLp = 2% pdp = Tvp 2 M . (5.8) 

Jp=0 

Note that there is no ambiguity in the choice of boundary in the Melvin solution here; 
P = Pm is the only choice which obeys the Killing symmetry. 
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We must now match the intrinsic features of the boundary; we require that the proper 
length of the boundary and the integral of the gauge potential around the boundary 
be the same. For the Ernst solution, the proper length of the boundary is 



8tt 



B%Pe 



4 L 2 G"(^s) 1 
B%p% G'{^) 2 A 2 p\ 



(5.9) 



As in section 4, we expand to second non-trivial order in higher-order terms do not 
affect A A in the limit pe — > oo. For the Melvin solution, the proper length of the boundary 
is 



8tt 



M 



B 2 mPm 



1 



B 2 o 2 

JD Ml J M 



(5.10) 



The integral of the gauge potential around the boundary is, in the Ernst solution, 



— (t A^dip = 



2tt 



while in the Melvin solution it is 



B 



E 



2A 2 t E G'{^ 
B\L 2 



B 



E 



(5.11) 



2tt 



— (h A^dcp 



8 



Bm Bl 4 p 2 M 



If we write 







B M = B E [1 + -o- ) and p M = Pe 1 + -§- , 



a 



(5.12) 



(5.13) 



Pe/ \ Pe, 

then setting the integral of the gauge fields equal gives (3 = 0, as before, and setting 
Ie = Im perturbatively gives 

£ 2 G"(6) 



a 



G'{^) 2 A 2 



Substituting this into ( |5.8|) gives 

Am = kPe + 2yra = n PE + 



2 , 2nL 2 G"{^) 



G'{^) 2 A 2 • 

We can now evaluate the difference in area, letting pe — > 00, 



(5.14) 



(5.15) 



AA = A E - A 



4ttL' 



M 



G'{^)A 2 
A-kL 2 



G'(^)A 2 

Now for the extreme case, £2 = £1, and so 



1 G"(60 

(6-6) 2C(e 3 ) 

1 1 



+ 



(6-6) (6-6 



(5.16) 



1 a a 2 ^L 2 
.-A A = 

4 1/1 G '(6)A 2 (6-6) 



(5.17) 
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which agrees with the expression for the action found in |J. For the non-extreme case, 



■(AA + Abh) 



+ (6 -a) (6~6 



4 V M; G"(6)^4 2 U6-6) (6-6X6-6) (6-6)(6-6: 

2ttL 2 



G'(6M 2 (6-6)' 

(5.18) 

where we have used (|5.6|) in the first step and the no-strut condition ( |3.14j) in the second. 
Notice that the final expression is the same as in ( |5.17| ). So the relations ( |1 . 1| ) and ( |1 . 2j ) 
are confirmed provided the formula for the instanton action given in || is valid for both 
the extreme and nonextreme black holes. We now verify that this is indeed the case. 

5. 3. Direct calculation of the action 

In || it was assumed that the divergent part of the action could simply be subtracted, 
using a coordinate matching condition, without affecting the correct finite contribution to 
the action. As we have seen above, this is not necessarily the case; we need to evaluate the 
action for a bounded region, impose some geometric matching conditions at the boundary 
to ensure that the boundaries are the same, and then let the boundary tend to infinity. 
Despite all this, the fact that our result above agrees with that in suggests that the 
answer is unchanged, as we shall see. 

To evaluate the action directly, we introduce a boundary 3-surface at large radius. We 
will take the surface to lie at x — y = tE in the Ernst solution and at x — y = €m in the 
accelerated coordinate system in the Melvin solution, as in section 4. The volume integral 
of R is zero by the field equations. The volume integral of the Maxwell Lagrangian F 2 
is not zero, but it can be converted to a surface term and combined with the extrinsic 
curvature term, as shown in . Thus the action of the region of the Ernst solution inside 
the surface is made up of two parts: boundary contributions from the 3-surface embedded 
in the Ernst solution, and a subtracted contribution from the 3-surface embedded in the 
Melvin solution. 

The contribution to the action from this surface in the Ernst solution is [0 



I E = / d 3 xVhe- s VJe s n^ - 

8tt J x - v=eK 



A 2 G"(6) 



3 2 

(6-6) 



(5.19) 



where e s = A r f 1 ^ . and h is the induced metric on the 3-surface. The contribution from 
the surface in the Melvin solution may be obtained by setting r + = r_ = in ( |5.19|) ; it is 

7T 3 



2l 2 e M 



+ 0(e M ). (5.20) 



The matching conditions on the boundary follow immediately from the conditions 
used to compute the Hamiltonian in section 4. If we make the change of coordinates ( |4.3| ) 
and (fOj) in the Ernst solution, and analytically continue r' = it' then the induced metric 
on the 3-surface in the Ernst solution is ^ds 2 = N 2 dr' 2 + ^ds 2 , where iV is the lapse 
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( f4.14|) and ^ds 2 is given by (|4.5| ). Similarly, if we use ( |4.7|) in the Melvin solution 
and analytically continue r = it, the induced metric on the 3-surface in the Melvin solution 
will be ^ds 2 = N 2 dr 2 + ^ds 2 , where iV is the lapse, given by ( [4.15| ), and ^ds 2 is given 
by ( |4.8|) . The Maxwell field on the 3-surface will be the same as in section 4. Therefore, 
we see that the intrinsic features of the 3-surface may be matched by taking G4.12j ) and 
( |4.13| ) with a = (3 = 0. The action may now be evaluated, 



' Ernst 



IE 



A 2 G'{^ 



3 

tE 



3G"(60 



+ 



G'{&)e M (6 "6 



2nL< 



A 2 G"(6)(6 



6) 

(5.21) 

This applies to both extremal and nonextremal instantons and agrees with the previous 
expressions in the literature. One can understand why the naive coordinate subtraction of 
divergences || yielded the correct answer since the boundary geometry is matched when 
a = 0. Since ( |5.21| ) agrees with ([5.171) and (|5.18|) , we see that the relations ( |1.1| ) and (|1.2| ) 
have been verified. 



6. Black Hole Annihilation 

As discussed in the introduction, since black holes can be pair created, it must be 
possible for them to annihilate. This provides a new way for black holes to disappear 
which does not involve Planck scale curvature. The closest analog of the pair creation 
process is black hole annihilation in the presence of a background magnetic field. To 
reproduce the time reverse of pair creation exactly one would have to arrange that the 
black holes had exactly the right velocities to come to rest in a magnetic field at a critical 
separation. They could then tunnel quantum mechanically and annihilate each other. If 
the black holes came to rest too far apart their total energy would be negative and they 
would not be able to annihilate. If they were too near together it would still be possible 
for them to annihilate but now there would be energy left over which would be given off as 
electromagnetic or gravitational radiation. It is also possible for black holes to annihilate 
in the absence of a magnetic field, with all of their energy converted to radiation. 

One might ask whether the generalized second law of thermodynamics is violated 
in this process. The answer is no. Even though the total entropy is decreased by the 
elimination of the black hole horizons, this is allowed since it is a rare process. The rate 
can be estimated as follows. Nonextremal black holes behave in pair creation as if they had 
e s internal states. Since two nonextremal black holes can presumably annihilate only if 
they are in the same internal state, if one throws two randomly chosen black holes together 
the probability of direct annihilation is of order e~ s . 

We argued in section 2 that extreme black holes are fundamentally different from non- 
extreme holes since they have zero entropy. This presumably implies that two oppositely 
charged extreme black holes cannot form a neutral black hole. Instead, they always directly 
annihilate. This is consistent with the idea that extreme black holes cannot be formed in 
gravitational collapse, but can only arise through pair creation. 

The process of black hole annihilation also seems to violate the idea that 'black holes 
have no hair'. It would appear that one could determine something about the internal state 
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of a black hole, i.e., whether two black holes are in the same state or different states, by 
bringing them together and seeing if they annihilate. However, it is not clear how robust 
the internal state is. It is possible that simply the act of bringing the black holes together 
will change their state. 

The fact that the pair creation of nonextremal black holes creates a wormhole in space 
could be taken as a geometric manifestation of their correlated state. However, we do not 
believe that black holes need to be connected by wormholes in order to annihilate. Imagine 
two pairs of black holes being created. If each pair annihilates separately, the instanton 
will contain two black hole loops, and one expects the action will be smaller than that of 
extremal black holes (or gravitating monopoles) by twice the black hole entropy. However, 
there should be another instanton in which the two pairs are created and then the black 
holes from one pair annihilate with those from the other. This instanton will contain one 
black hole loop and will presumably have an action which is smaller by one factor of the 
black hole entropy. This can be interpreted as arising from a contribution of minus twice 
the black hole entropy from the pair creation of the two pairs, and a contribution of plus 
the black hole entropy from the annihilation of one pair. (After one pair annihilates, the 
other pair must be correlated, and does not contribute another factor of the black hole 
entropy.) 

It should be pointed out that even though the nonextremal black holes are created 
with their horizons identified, it is still possible for them to evolve independently. In 
particular, their horizon areas need not remain equal. This is because the identification 
only requires that the interior of the two black holes be the same. On a nonstatic slice 
which crosses the future event horizon in Ernst, there are two separate horizons. If one 
throws matter into one but not the other, the areas of the two horizon components will not 
be equal at later times. The fact that the horizon components share a common interior 
region of spacetime suggests that the 'internal' states of a black hole should be associated 
with the region near the horizon. Presumably, throwing matter into the holes will tend to 
decorrelate their 'internal' states, but it is not clear whether just one particle is enough to 
decorrelate them completely, or whether that requires a large number. 
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Appendix A. Generalization to include a dilaton 

A.l. The dilaton Ernst solution 

The above investigations of the Ernst solution can be readily extended to include a 
dilaton, as we now show. We consider the general action 



Acknowledgements 




(A.l) 



16 



which has a parameter a governing the strength of the dilaton coupling. The Melvin and 
Ernst solutions are extrema of ( |A.1|) with a = and (p constant. The generalization of the 
Melvin solution to a 7^ 0, first found by Gibbons and Maeda |I7 |, is 



ds' 



-2ac 



ATT^ [-dt 2 + dz 2 + dp 2 ] + A ^p 2 dip 2 , 
B M p 2 



Ai+ c 



A, 



2A 



(A.2) 



A = H B M p . 



The generalization of the Ernst solution to this case is 



ds 2 = (x- y)- 2 A~ 2 A^ [F(x) {G(y)dt 2 - G- 1 {y)dy 2 } + F(y)G-\x)dx 2 ] 



+ (x -y)- 2 A~ 2 A ^F(y)G(x)d^ 



(A.3) 



e -2a(j> _ e ~2a(j} \ ^ZTI 



F(xY " v (l + a 2 )BA 

where the functions A = A(x,y), F(£) and G(£) are now given by 

-1 2 



+ k, 



A 



1 + 



(l + a 2 )B 2 
+ \A\x - yf 1 J 1 J 



F(0 = (1 + r-A^)T^) , 
G(0 = (1 - £ 2 - r + ^ 3 )(l + r_ AO (^) , 
and = r_|_r_/(l + a 2 ). Here it is useful to define another function, 

H(0 ee G(0F(0 = -(r+A)(r_A)(£ - - &)(£ - - £4 



(A.4) 



(A.5) 



where £1 = —l/(r-A), and £2, £3, £4 are the roots of the cubic factor in These roots 

have the same interpretation as in the Ernst solution. 

We now define L = A^(£ 3 ), and set k = 2e act)0 /BL^-(1 + a 2 ). We then find that 
the physical magnetic field and charge are || 



B 



E 



2L^ 



and 



q = q- 



(A.6) 



(A.7) 



We restrict x to the range £3 < x < £4 to get the right signature. We have to impose 
the condition 



G'(£ 3 )A(£ 4 ) T 



-G\u)m 



(A.8) 
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to ensure that the conical singularities at both poles are eliminated by choosing the period 
of (p to be ( |3.6| ) . Setting the black hole parameters r + , r_ to zero in the dilaton Ernst 
metric ( |A.3| ) yields 



A 2 (x - y) 2 



(1 - y 2 )dt 2 - 



i -r 



+ 



l-x 2 ) 



+ A !+ a 



1 



(A.9) 



x 



with 



A = l + 



(x — y) 2 A 2 
l + a 2 )B 



dip 2 



l-x x 



(A.10) 



4 A 2 (x-2/) 2 ' 

which is the dilaton Melvin solution ( |A.2|) written in accelerated coordinates. The dilaton 



Ernst solution (|A.3| ) reduces to the dilaton Melvin solution ( |A.2| ) at large spatial distances, 
x,y -> 6- 

We obtain the Euclidean section by setting r = it. In the non-extremal case, 6 < 6; 
we are forced to restrict 6 < y < ^3: an d we find that to eliminate the conical singularities, 
we have to choose the period of r to be and impose the condition (|3.12| ) , which gives 



6-6 



(6 - 6) = (6 - 6) 



(A.ll) 



for this metric. In the extremal case, the black hole horizon y = £2 is at an infinite 
distance, so the range of y is 6 < V < 6> an d we only need to choose the period of r to be 
Q3.11|) to eliminate the conical singularity. The non-extremal instanton still has topology 
S 2 x S 2 — {pt}, while the extremal one has topology R 2 x S 2 — {pt}, and they have the 
same interpretation as before. 

A. 2. Boost energy 

We now show that the boost energy is unchanged by pair creation in this case. The 
Hamiltonian is still given by ( |4.2| ) , and the volume term vanishes, so it is just given by the 
surface term. We choose the boundary in the Ernst solution to be given by x — y = €e, and 
make the coordinate transformations ( |4.3|) and (|4.4|) . In the Melvin solution, we assume 
that the boundary has the form 



x 



-1 + e M x(l + e E f(x)), y = -l + e M (x ~ + ^e9(x)), 



(A.12) 



in the coordinates of the accelerated form ( |A.9|) . In this case, we need to match the value of 
the dilaton on the boundary, as well as the induced metric and gauge field on the boundary. 
For the Ernst metric, the induced metric on the boundary is 



< 2 W 



2L 2 F(6 



Ai+ a2 dx' 



A 2 e E G'^ 3 ) 
+2X~^x 



2%(X - 1 



1 + £EX 



2#'(6) 



dip' 2 



(A.13) 
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where 



A = 



(l + a 2 )i?|F(6)L 2 x 
A 2 G'{^)t E 



+ 1. 



The electromagnetic field on the boundary for the Ernst solution is 

2L 2 F(£ 3 )B E e^ 



F ™' A 2 e E G'(Cs)X 2 



and the dilaton at the boundary is 



-2ac 



= e 



-2a<An t 2a 



2 



°L 2a Ai+^ 1 -e B 



In the Melvin solution, the induced metric on the boundary is 



^ds 2 



2 



[i - e^(x - i)/(x) + tExgix) 



2 X (x ~ l)A*e M 

-2e EX ( X ~ l)(/'(x) " </(x)) " 2e s ( X /(x) - (x - l)<7(x))] ^ 2 



+ 



2 A i+^x 



1 - ^MX + es/(x) " 2e s ( X /(x) - (x - l)g(x)) d<p 2 , 



where 



A = l + 



(l + a 2 )B 2 MX 



2A 2 e M 

The gauge field on the boundary in Melvin is 



1 - ^mX + e E f(x) - 2es(x/(x) - (X - l)f(x)) 



[1 - e MX + e E ( X f(x) + fix)) ~ 2e E (xf(x) ~ (x - !)</(*)) 



-2e sX (/(x) + xf'ix) - g(x) - (x - i)</(x))] 

and the dilaton at the boundary is 

We fix the remaining coordinate freedom by taking 



A 2 = 



G'(&) H'fa) A2 



2L 2 F(&) H»fa) 



A' 



and write 



D a<Po — T a 



L a (l--ye E ), B M = B E (l + f3e E ) 
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We then find that the intrinsic metric, gauge field and dilaton on the boundary can all be 
matched by taking 



6 M = ~ 77777 \ £E, f{X) = 7777 \ ( 4 X~3), ff(x) = 7777 x ( 4 X ~ 1) 



and 



P = l 



1 ^(6 



2^3 



(A.23) 



(A.24) 



We should note that the lapse function is also matched by these conditions. For the 
Ernst metric ( |A.3| ), the lapse function is 



N = 



( 4L 2 F(6) 
\A 2 e E G>(& 



1 , ,if"(£ 3 ) 1 F'(£ 3 ) 



(A.25) 



While the lapse function for the Melvin metric ( |A.9|) is 



N 



i - ^m(x - 1) + ^Eg(x) - e E {xfix) - (x - i)#(x)) 



We see that (gjg) and (|AT24|) make QOg ) and flOef) equal as well. 

The extrinsic curvature of the boundary embedded in the Ernst solution is 



(A.26) 



Ae^G'^f' 2 



LFfa)V*\T- 



1 + ± tE m^ {Ax " 3) " 2 eE -fm (4x " 3) . 



(A.27) 



while the extrinsic curvature of the boundary embedded in the Melvin solution is 

Ae\{ 2 V2 



2 M 
An — 



Ai+^ 



l-^M(4x-3)-ie B ^(24 X -13) 



(A.28) 



Using the matching conditions (|A.21| ) and ( |A.23| ), we may now evaluate 



2 K - 2 K Q 



LF(^ 3 ) 1 /2ATT^ F(i 
Therefore, taking the limit e E — ► 0, the Hamiltonian is 



(2X-1). 



(A.29) 



I r 1 

H E = — d X NVh( 2 K - 2 K ) 
4 Jo 



A 2 G'(£ 3 



I d X (2x-l) = 0, (A.30) 
Jo 



where h is the determinant of the metric (( |A.13|) or ( |A.17|) )- Thus, ( |lTT|) and (|L2]) still 
hold, which we will now confirm by direct calculation. 
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A. 3. Horizon area and instanton action 

We begin by calculating the difference in area. The area of the black hole is now given 

F(£ 2 )A<^(£ 4 -£ 3 ) 4vrF(6)L 2 



by 



A 



bh 



(A.31) 



and the area of the acceleration horizon in the Ernst solution, inside a boundary at x 
£ 3 + e E , is 

F(&)A^ E [ x =^ dx 4tvF(^)L 2 



A 



E 



A 2 



+ 7rp|, 



(A.32) 



where p 2 E = q^^a^ce now - Also, Am is still given by (|5.8|). The boundary conditions in 
this case are that the proper length of the boundary, the integral of the gauge potential 
around the boundary and the value of the dilaton at the boundary are the same. 
The proper length of the boundary in the dilaton Ernst solution is 

1 — 2 a 2 — 1 



E 



47r2H^ I p£ 
[(l + a*)B%]T- 

4 



1 + 



G>(^)A 2 P\ 



a 2 - 1 H"(&) 2F'(6) 



1 + a 2 H'fa 



(A.33) 



B 2 E p 2 E (l + a 



2\2 



and the proper length of the boundary in the dilaton Melvin solution is 

i r, 2 _ i 

— r r 

I'M 



[(l + a 2 )B 2 f ]^ 



1 



b mPm( 1 + a 



2\2 



(A.34) 



It is interesting to note that the proper length behaves quite differently for a 2 < 1 and 
a 2 > 1. The integral of the gauge potential around the boundary curve is, in the dilaton 
Ernst solution 



Aydip 



4 7re «0o 



(l + a 2 )L a2 B E 
while for the dilaton Melvin solution it is 

A^dip 



1 - 



(l + a 2 )B 



M 



1 - 



B 2 p|(l + a 2 
4 

B M p 2 M (l + a>) 



(A.35) 



(A.36) 



Finally, the dilaton field at the boundary is, for the dilaton Ernst solution 



-2ac 



-2ac 



-2aq 



8a' 



■2a 1 



F{^ + e E ) 

\l + a 2 )B 2 E p 2 E 
4 

1 AF'{^)L 2 1 



1 + 



4a 2 F{^)L 2 H"{^) 1 
1 + a 2 G'{^)A 2 H'{^)pl 



(A.37) 



(l + a 2 ) 2 ^ 2 , G'{i,)A 2 p 2 E _ 

21 



while for dilaton Melvin it is 



-2aq 



1 + 



8a 2 



(A.38) 



We now write 



Bm = Be 1 + 







Pe 



2 ; ' 



Pm = Pe 1 + 



a 



Pe 



2 ; ' 



and 



,a<PO — T a 



1 



(A.39) 



(A.40) 



We may solve for a, /3 and 7 by setting the various quantities equal perturbatively. This 
gives 

F(^)L 2 \H»fa) 2F'{£ 3 ) 



a 



= 1 



2F'(6)L 2 



(A.41) 



We may now calculate the difference in area: 



AA 



4ttL 2 F(6) 



2na 



= _4ttL 2 F(6) 

A 2 G>(&) 

_ 47iL 2 F(£ 3 ) 
A 2 G'{^) 

For the extreme case, £2 = £i> and so, 



1 + ir"(&) 



(^4-6) 2J7'(&) 



(A.42) 



(6-6 



+ 



L(6-6)(6-6) a 2 F(£ 3 )J 



4 a 2 A 2 G"(^ 



(A.43) 



which agrees with the expression for the instanton action in || . For the non-extreme case, 



1 



(AA + A 



bh 



A 2 G'(£s) 
7tL 2 F'(Z 3 



(A.44) 



a 2 A 2 G"(6)' 

where we have used ( |A.11| ) to cancel the last two terms. 
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Now we turn to the direct calculation of the action. The contribution to the action 
from a boundary at x — y = eg embedded in the Ernst solution is [|J 



1 

'8^r 



d 3 xVhe-^ /a V^ /a n^ 



x—y=e E 



A 2 G'{^) 



(A.45) 



As the solution is independent of r, the metric on this boundary is just ^ds 2 = ^ds 2 + 
N 2 dr 2 , where ^ds 2 is given by ( |A.13| ), and the gauge field and dilaton on the boundary 
are (|A.15| ) and (|A.16| ). Thus, if we assume the boundary in the Melvin solution has the 
form (lA~T2l) , then we may see that ( |A.23| ) and ( |A.24j) will match the metric, gauge field 
and dilaton on the boundary. The contribution to the action from the boundary embedded 
in the Melvin solution is then 
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— f d 3 xVhe~^ /a V^ /a 

8 71 " Jbdry. 



TV 



n 



8A 2 e M Jo 
3tt 



dx 



-12 + 5e M (2 X - 1) + ——^e E (2 X - I) 



(A.46) 



2A 2 e M ' 

Thus, using ( |A.21| ), we may evaluate the action, 



-Ernst 



'-E 



<-M 



A 2 G'(^)a 2 



(A.47) 



which is in perfect agreement with |]]. As ( |A.47| ) agrees with ( |A.43| ) and ( |A.44| ), we have 
explicitly shown that ( pTTT|) and (|1.2|) hold for general a. 
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